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For a given finite monoid M, let ςM(n) be the number of graphs on n vertices with
endomorphism monoid isomorphic to M. For any nontrivial monoid M we prove that
2
1
2 (n
2−(1+o(1))d(M)n) ≤ ςM(n) ≤ 2 12 (n2−(1+o(1))c(M)n) where c(M) and d(M) are constants
depending only onMwith 1.83 ≤ c(M) ≤ d(M) ≤ 3|M| + 1+√8|M| 32 .
For every k there exists a monoid M of size k with d(M) ≤ 3, on the other hand if a
group of unity ofM has a size k > 2 then c(M) ≥ log klog log k + 1.
© 2009 Elsevier B.V. All rights reserved.
1. Introduction
An undirected graph is a pair G = (X, E) where V (G) = X is a set – the set of vertices of G – and E(G) = E is a set of
two-element subsets of X – the set of edges of G. Given two undirected graphs G1 = (V1, E1) and G2 = (V2, E2), a mapping
f : V1 → V2 is called a graph homomorphism from G1 into G2 if {f (u), f (v)} ∈ E2 for all {u, v} ∈ E1. If G = G1 = G2 then a
graph homomorphism f : V (G) → V (G) is called an endomorphism of G. Let End(G) denote the set of all endomorphisms
of G and Aut(G) consist of all automorphisms of G (an automorphism f is a bijective endomorphism such that f −1 is also
an endomorphism). Note that the identity mapping belongs to both End(G) and Aut(G) and both sets End(G) and Aut(G)
are closed under composition. Thus End(G) is a transformation monoid and Aut(G) is a permutation group for any graph
G and if G is finite then also End(G) and Aut(G) are finite. An old result of Hedrlín and Pultr [2,3] states that the opposite
implication is valid as well: For any (finite) monoid M there exists a (finite) graph G such that End(G) is isomorphic to M.
This fact inspired an investigation of the endomorphism monoids of graphs and also of other structures. A survey of these
results can be found in a monograph of Pultr and Trnková [7].
The monoid 1, consisting of the unity element only, will play an important role. If an endomorphism monoid of a graph
G is isomorphic to 1 (the only identity mapping is an endomorphism of G) then we say that G is rigid. Graphs G1 and G2
for which there exists no homomorphism between them are called mutually rigid. The first rigid graph was constructed by
Hedrlín and Pultr [3] (see also [7]). It is also known that a rigid graph exists on every set with at least eight vertices, see [7].
Hedrlín–Sichler Theorem [4] or [7] states that for every finite monoidM there exist infinitely many finite pairwise mutually
rigid graphs with endomorphism monoid isomorphic toM. On the other hand, a result of [6] states that almost every finite
graph is rigid. The aim of this note is to continue this research. For a finitemonoidM and a natural number nwewill consider
the following two parameters.
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• ςM(n) the number of labeled graphs G on a fixed n-element set such that End(G) is isomorphic toM,
• ρM(n) the largest integer k such that on a fixed n-element set there exist at least k pairwise mutually rigid graphs each
with endomorphism monoid isomorphic toM.
For simplicity, we recall that a function f = o(1) if limn7→∞ f (n) = 0. A logarithm in this paper is always a logarithm of
base 2.
The following was proved in [6].
Theorem 1 ([6]). For the singleton monoid 1
ς1(n) = (1+ o(1))2( n2 ), (1)
ρ1(n) = 1+ o(1)n!
( ( n
2
)⌊ 1
2
( n
2
)⌋) . (2)
The aim of this note is to extend Theorem 1 and to improve Theorem 2.8 from [6] where the weaker lower bound with
the constant d(M) replaced by (12+ ) log nwas given.
Theorem 2. For every finite monoidM 6= 1 there exist constants c(M) and d(M) depending only onMwith 1.83 ≤ 5− log 9 ≤
c(M) ≤ d(M) ≤ 3|M| + 1+ |√8|M| 32 such that
2
1
2 (n
2−(1+o(1))d(M)n) ≤ ςM(n) ≤ 2 12 (n2−(1+o(1))c(M)n),
1+ o(1)
n!

(
n−d(M)
2
)
⌊
1
2
(
n−d(M)
2
)⌋
 ≤ ρM(n) ≤ 1+ o(1)n!

(
n−c(M)
2
)
⌊
1
2
(
n−c(M)
2
)⌋
 .
Remark. We conjecture that for every monoid M there exists a constant a(M) such that ςM(n) = 2 12 (n2−(1+o(1))a(M)n). In
other words, limn7→∞ 2n log
2
1
2 n
2
ςM(n)
exists and equal to a(M).
While Theorem 2 states that c(M) ≥ 5− log 9 for every monoidM 6= 1, our next result states that, perhaps surprisingly,
even if the size ofM is large, this cannot be essentially improved.
Theorem 3. For every k > 1 there exists a monoidM of size k with d(M) ≤ 3.
Thus for every natural number k > 1 there exists a monoidM of size kwith 5− log 9 ≤ c(M) ≤ d(M) ≤ 3.
For a finite monoid M with the unity element e, let Gr(M) consist of all elements x of M such that xt = e for a suitable
positive integer t . It is well known that Gr(M) is a maximal subgroup of M containing the unity element e. If G is a graph
such that End(G) is isomorphic toM then Aut(G) is isomorphic to Gr(M) (thus Aut(G) = Gr(End(G))). Our next result shows
a dependency between c(M) and Gr(M). The monoid M used in the proof of Theorem 3 is such that Gr(M) is a singleton
group. In contrast to this result we prove the following.
Theorem 4. For every finite group G of size k > 2, the number of pairwise distinct graphs G on an n-element set such that Aut(G)
is isomorphic to G is at most
2
1
2
(
n2−
(
log k
log log k+1−o(1)
)
n
)
.
Thus for every finite monoidM such that Gr(M) is not a singleton, we have c(M) ≥ ( log |Gr(M)|log log(|Gr(M)|) + 1− o(1)).
2. Proof of lower bounds from Theorem 2
To establish the lower bound we need to construct many graphs with a given endomorphism monoid. For this purpose
we exploit the following class of graphs. Given δ > 0 we call a graph H onm vertices δ-restricted if
(i) for every x ∈ V (H)(
1
2
− δ
)
m ≤ degH(x) ≤
(
1
2
+ δ
)
m,
(ii) the size of every clique and every independent set in H does not exceed 2(1+ δ) logm.
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Fig. 1. Construction of G = G(G0,H, C, φ).
The first statement of the fact below is well known (see e.g. [1]), the second statement can be observed along the same
lines.
Fact 5. For each δ > 0, the number of δ-restricted labeled graphs with m vertices is
(1+ o(1))2(m2 ),
and the number of δ-restricted labeled graphs with m vertices and b 12
(m
2
)c edges is
1+ o(1)
m!
( (m
2
)⌊ 1
2
(m
2
)⌋) ·
Combining Theorem 1 and Fact 5 we infer that the quantities in Fact 5 remain unchanged even if we restrict to rigid
graphs.
Fact 6. For each δ > 0, the number of δ-restricted rigid graphs with m vertices is
(1+ o(1))2(m2 ),
and the number of mutually rigid δ-restricted graphs with m vertices and b 12
(m
2
)c edges is
1+ o(1)
m!
( (m
2
)⌊ 1
2
(m
2
)⌋) ·
Our strategy in proving the lower bound is to fix one graph G0 on k vertices with End(G0) ∼= M and ‘‘combine’’ it with
many rigid δ-restricted graphs H onm vertices to construct many graphs Gwith End(G) ∼= M on n < m+ k vertices.
For a graph G0 = (V0, E0), let us define a partition of vertices intomoving and solitary sets V0 = M ∪ S, where
M = Mov(G0) = {x ∈ V | ∃f ∈ End(G), f (x) 6= x or f −1(x) 6= {x}}
and S = Sol(G0) = V0 \M .
The proof of the lower bound is based on the following construction. Let G0 = (V0, E0) and H = (W , F) be two graphs,
let C ⊆ W be a maximal clique of H and let φ be an injective mapping from S = Sol(G0) into W such that Im(φ) ∩ C = ∅.
We will identify any vertex x ∈ S with the vertex φ(x) ∈ W . We are going to define a graph (cf. Fig. 1)
G(G0,H, C, φ) = G = (V , E).
A vertex set V is the union of Mov(G0) andW . The edge set E is the union of F , E0 \
(
S
2
)
and the complete bipartite graph
between C andM = Mov(G0). More formally, V = Mov(G0) ∪W = M ∪W and
E = F ∪ {{u, v} ∈ E0 | {u, v} ⊆ Mov(G0)}
∪ {{u, φ(v)} | {u, v} ∈ E0, u ∈ Mov(G0), v ∈ Sol(G0)}
∪ {{u, c} | u ∈ Mov(G0), c ∈ C}.
As above, we assume that the graphs G0 = (V0, E0), H = (W , F) a maximal clique C ⊆ V (H) and an injective mapping
φ : Sol(G0)→ W are given with k0 = |V0|,M0 ∩W = ∅ and Im(φ) ∩ C = ∅. First we prove two auxiliary lemmas.
Claim 7. Let H and H ′ be 14 -restricted graphs such that |V (H)| = |V (H ′)| = m. If m > 50 log2m and k0 ≤ 5/2 logm then
every homomorphism f : H ′ → G = G(G0,H, C, φ) satisfies Im(f ) ⊆ W.
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Proof. Suppose that there is w ∈ V (H ′) with f (w) = v ∈ M . Since degH ′(w) ≥ m4 for every w ∈ V (H ′) and
degG(v) < k0 + 52 logm < 5 logm then there is a neighbour u of v in G such that
|f −1(u)| ≥ 1
20
m
logm
·
However, f −1(u)must be an independent set in 14 -restricted graph H
′, and therefore,
2
(
1+ 1
4
)
logm ≥ 1
20
m
logm
which is a contradiction. 
Claim 8. If H is 14 -restricted graph on m vertices, where m > 50 log
2m and k0 ≤ 52 logm, and G = G(G0,H, C, φ) then
(1) If H is rigid, a mapping f : V → V is an endomorphism of G if and only if there exists g ∈ End(G0) such that f (v) = g(v)
for all v ∈ M and f (w) = w for allw 6∈ M.
(2) If H ′ is 14 -restricted graph with |V (H ′)| = m such that H and H ′ are mutually rigid then there is no homomorphism from H ′
to G.
Proof. Let f ∈ End(G) and w ∈ W . By Claim 7, f (w) ∈ W and because H is rigid, f (w) = w. For every v ∈ Mov(G) = M ,
C ∪ {v} is a clique of G. Consequently, since f (c) = c for every c ∈ C , we infer that f (v) 6∈ W . For otherwise, C would not
be a maximal clique. Consequently, f (M) ⊆ M . Consider a mapping g : V0 → V0 such that g(v) = f (v) for all v ∈ M and
g(v) = v for all v ∈ S = Sol(G0). Since f (v) = v for all v ∈ Im(φ) and since f ∈ End(G), we conclude that g ∈ End(G0).
Conversely, if g ∈ End(G0) then we define f : V → V such that f (w) = w for all w ∈ W and f (v) = g(v) for all v ∈ M .
Since g is an endomorphism of G0 and since f (w) = w for allw ∈ W , one may easily verify that f ∈ End(G). Consequently,
(1) is proved.
To prove (2) assume now that f : H ′ → G is a homomorphism. By Claim 7, Im(f ) ⊂ W and the range restriction of f on
W is a homomorphism from H ′ into H – this is a contradiction and (2) is proved. 
Nowwe are ready to finish the proof of the lower bounds from Theorem 2. LetM be a finite monoid and let G0 = (V0, E0)
be a graph such that End(G0) ∼= M and for which |Mov(G0)| is as small as possible. We set d = |Mov(G0)| ≤ |V0| (by a
result of [6], see Construction 2.4, d ≤ ( 1+
√
1+8(|M|−1)
2 + 1)|M| ≤ 32 |M| +
√
2|M| 32 ). As before we write V0 = M ∪ S for a
decomposition into moving and solitary parts of V0. For an integer n, setm = n− d. Let {(Hi, Ci, φi) | i ∈ I} be a family such
that for all i ∈ I
(i) Hi is a 14 -restricted rigid graph,
(ii) W = V (Hi),W ∩ V0 = ∅, |W | = m,
(iii) Ci is a maximal clique of Hi, and
(iv) φi : S → W is an injective mapping such that Ci ∩ Im(φi) 6= ∅.
Since Theorem 2 is an asymptotic statement, wemay assume thatm is sufficiently large, more preciselym > (50 logm)2
and |V0| = k0 ≤ 52 logm and hence the assumptions of Claim 8 are satisfied. Consequently, G(G0,Hi, Ci, φi) ∼= End(G0) for
each i ∈ I and hence by Fact 6
ςM(n) ≥ (1− o(1))2(m2 ) = (1− o(1))2
(
n−d
2
)
= 2 12 (n2−(1−o(1)+2d)n).
Thus there exists d(M) ≤ 2d+ 1 = 3|M| + 1+√8|M| 32 satisfying the upper bound from Theorem 2.
Similarly, Fact 6 implies the lower bound for ρM(n). 
3. Proof of upper bounds from Theorems 2 and 4
In the proof of Theorem 4 we will use the following claim which we prove after the proof of Theorem 4.
Claim 9. The number of graphs G = (X, E) with |X | = n such that there exist an f ∈ End(G) and a set Z ⊆ X such that |Z | = l,
f (Z) ∩ Z = ∅ and f is injective on Z is at most
2(
n
2 )+n log n−(2−log 3)
(
l
2
)
.
Proof of Theorem 4. For a permutation f : X → X , let UNSO(f ) denote the union of all nonsingleton orbits of f . Similarly,
for a permutation group P on a set X , let UNSO(P) be the union of all nonsingleton orbits of P.
Fix an abstract group Γ of size k > 2.We shall estimate the number of graphs G on a set X such that Aut(G) is isomorphic
to Γ . Since
(i) any permutation f : X → X with |UNSO(f )| ≥ 3l satisfies the assumptions of Claim 9 for a set Z ⊆ X with |Z | = l and
(ii) any group Γ of size k has a set of generators of size at most log k.
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Claim 9 implies that the number of graphs G = (X, E) such that |UNSO(Aut(G))| ≥ 3n0.51 log k and Aut(G) is isomorphic to
Γ is at most
2
( n2 )+n log n−(2−log 3)
(
n0.51
2
)
≤ 2 12 (n2−(2−log 3−o(1))n1.02)
which is much smaller than the upper bound of Theorem 4. Thus we can assume that |UNSO(Aut(G))| < 3n0.51 log k.
To count the number of graphs G = (X, E) such that Aut(G) is isomorphic to Γ and |UNSO(Aut(G))| < 3n0.51 log k
consider a family S of pairwise disjoint subsets of X such that |A| > 1 for any A ∈ S and |⋃A∈S A| = m < 3n0.51 log k. Since
Aut(G) acts on m elements we conclude that m! ≥ k and hence m ≥ log klog log k . First we estimate the number aS of graphs
G = (X, E) such that the set of nonsingleton orbits of Aut(G) is S and Aut(G) is isomorphic to Γ . Consider z ∈ X such that
f (z) = z for all f ∈ Aut(G). Then for x and y from the same orbit of Aut(G)we have {x, z} ∈ E if and only if {y, z} ∈ E. Setting
|S| = qwe have
aS ≤ 2
(
n−m
2
)
2(
m
2 )2(n−m)q ≤ 2 12 (n2−n−2(n−m)(m−q)).
Sincem ≥ 2qwe conclude thatm− q ≥ log k2 log log k and thus because k is fixed
(n−m)(m− q) ≥ (n− 3n0.51 log k) log k
2 log log k
= (1− o(1))n
2
log k
log log k
.
Hence we conclude that
aS ≤ 2
1
2
(
n2−n−(1−o(1)) log klog log k n
)
= 2 12
(
n2−
(
log k
log log k+1−o(1)
)
n
)
.
Having established the upper bound for aS we will now estimate the number of choices of orbits of Aut(G). This is clearly
bounded above by (we setm0 = 3n0.51 log k)∑{( n
m
)
qm
∣∣∣m ≤ m0, q ≤ m2 } ≤∑
{
nm
m! q
m
∣∣∣∣m ≤ m0, q ≤ m2
}
≤
∑{
nm
( eq
m
)m∣∣∣m ≤ m0, q ≤ m2 }
≤
∑{( e
2
n
)m0 ∣∣∣m ≤ m0, q ≤ m2 }
≤ m
2
0
2
( e
2
n
)m0 = ( e
2
n
)(1−o(1))m0
Hence the number of pairwise distinct graphs G = (X, E) such that Aut(G) is isomorphic to Γ and |UNSO(Aut(G))| <
3n0.51 log k is less than∑
S
aS ≤
∑
S
2
1
2
(
n2−
(
log k
log log k+1+o(1)
)
n
)
≤
( e
2
n
)(1+o(1))m0
2
1
2
(
n2−
(
log k
log log k+1+o(1)
)
n
)
= 2 12
(
n2−
(
log k
log log k+1+o(1)
)
n
)
.
Summing both estimates (depending on the cardinality of the union of nonsingleton orbits of Aut(G)) completes the proof
of Theorem 4. 
Proof of Claim 9. Let |X | = n. Fix a mapping f : X → X such that there exists a set Z ⊆ X with |Z | = l, f (Z) ∩ Z = ∅
and f is injective on Z . For any graph G = (X, E) with f ∈ End(G), if x, y ∈ Z are distinct then {f (x), f (y)} ∈ E whenever
{x, y} ∈ E. Hence for each x, y ∈ Z , x 6= y, E ∩ {{x, y}, {f (x), f (y)}} is one of the following three sets ∅, {{f (x), f (y)}} and
{{x, y}, {f (x), f (y)}}. Consequently for such f there exist at most
2(
n
2 )−2
(
l
2
)
3
(
l
2
)
= 2( n2 )
(
3
4
)( l
2
)
graphs G = (X, E)with f ∈ End(G).
Summing up over all such mappings yields at most
nn2(
n
2 )
(
3
4
)( l
2
)
≤ 2( n2 )+n log n−(2−log 3)
(
l
2
)
graphs G satisfying the assumptions of Claim 9. 
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Remark. In fact we proved the stronger estimate. For a group Γ let α(Γ ) = min(mG − qG) where the minimum is taken
over all permutation groups G isomorphic to Γ andmG = |UNSO(G)| and qG is the number of nonsingleton orbits of G. Then
the number of pairwise distinct graphs G = (X, E) such that Aut(G) is isomorphic to Γ is at most
2
1
2 n
2−(α(Γ )+ 12−o(1))n.
Proof of the upper bound in Theorem 2. LetM be a nonsingleton finite monoid with unity element e. If Gr(M) = {e}, we
can guarantee the existence of a nonidentical idempotent inM. Indeed if Gr(M) = {e} then, by the assumption onM, the set
M\Gr(M) is nonempty. Choose x ∈ M\Gr(M). For some k, t ∈ Nwe have xk = xk+t . Choose i ∈ N such that i+k ≡ 0 mod t .
Then
(xi+k)2 = xi+k+i+k = xi+k+st = xi+k
for some s.
The number of graphs having a nonidentical automorphism is bounded by Theorem 4 and Remark after the proof of
Theorem 4. By a routine calculation we obtain that log klog log k + 1 ≥ 5− log 9 for all k ≥ 3. If Γ is a group of cardinality 2 then
α(Γ ) = 1 and Remark gives that the number of pairwise distinct graphs G = (X, E) such that Aut(G) is isomorphic to Γ
is at most 2
1
2 (n
2−(3+o(1))n) which is smaller than the upper bound of Theorem 2. Consequently, it is sufficient to verify this
upper bound in the case that there exists an idempotent nonidentical f ∈ End(G). We prove that the number of pairwise
distinct graphs G on a set X such that there exists a nonidentical idempotent endomorphism is at most
2
1
2 (n
2−(5+o(1)−log 9)n) (3)
and hence the upper bound from Theorem 2 follows. The proof uses the following lemma which will prove after the proof
of Theorem 2.
For an idempotent mapping f : X → X , let us define Fix(f ) = {x ∈ X | f −1(x) = {x}} and St(f ) = Im(f ) \ Fix(f ) = {x ∈
X | ∃y ∈ X, y 6= x, f (y) = x} (see Fig. 2). For x ∈ St(f ), let us denote ax = |f −1(x)| and also set a(f ) = ∑{ax | x ∈ St(f )}
and b(f ) = | St(f )|.
Lemma 10. For every nonidentical idempotent mapping f : X → X where |X | = n, the number of pairwise distinct graphs G on
a set X such that f ∈ End(G) is at most
ζ (X, f ) =
(
9
16
)( b(f )
2
)
2
1
2
(
a(f )− a(f )2b(f )
) (
2a(f )−1 + 1
2a(f )
)n−a(f )
2(
n
2 ).
The proof is divided into three cases. In each case a numerical constraint is made on a(f ) and b(f ), respectively, and the
number of graphs G on a set X admitting an idempotent endomorphism f satisfying the corresponding constraint is counted.
The bound (3) is obtained as a sum of terms derived in each of the cases. We use the formula from Lemma 10 and depending
on considered case will neglect some of its terms (which are smaller than one) as we find appropriate. We will see that only
the contribution coming from Case 1 is essential for the bound (3).
Case 1: a(f ) < n0.95.
Since the number of subsets of an n-element set of size a(f ) is at most nn
0.95
we conclude that there are at most
nn
0.95(
n0.95
)n0.95 = 21.95n0.95 log n ≤ 2(1+o(1))n0.96
idempotent mappings on X with a(f ) < n0.95. Consequently, by Lemma 10, the number of pairwise distinct graphs
G = (X, E) such that there exists an idempotent f ∈ End(G)with a(f ) < n0.95 is at most
∑
f
ζ (X, f ) =
∑
f
(
9
16
)( b(f )
2
)
2
1
2 (a(f )− a(f )
2
b(f ) )
(
2a(f )−1 + 1
2a(f )
)n−a(f )
2(
n
2 )
≤
∑
f
(
2a(f )−1 + 1
2a(f )
)n−a(f )
2(
n
2 )
=
∑
f
2(n−a(f )) log
(
1+ 1
2a(f )−1
)
2−(n−a(f ))2
1
2 (n
2−n)
=
∑
f
2
1
2 n
2−
(
3
2+o(1)−log
(
1+ 1
2a(f )−1
))
n ≤
∑
f
2
1
2 n
2−
(
5
2+o(1)−log 3
)
n
≤ 2(1+o(1))n0.962 12 (n2−(5+o(1)−log 9)n) = 2 12 (n2−(5+o(1)−log 9)n)
(we note that on< 2,+∞) the function 32 − log(1+ 12x−1 ) attains minimum for x = 2 and 32 − log(1+ 122−1 ) = 52 − log 3).
382 V. Koubek, V. Rödl / Discrete Mathematics 310 (2010) 376–384
Fig. 2. Fix point set Fix(f ) and stable set St(f ) of an idempotent f .
Case 2: b(f ) ≥ n0.6.
∑
f
ζ (X, f ) =
∑
f
(
9
16
)( b(f )
2
)
2(
n
2 ) ≤
∑
f
2
1
2 (n
1.2−n0.6) log 916 2(
n
2 )
≤ nn2 12 n2−n1.2
(
log 43
)
= 2 12 n2−(1+o(1))n1.1 .
Case 3: n0.6 ≥ b(f ) and a(f ) ≥ n0.95.
In this case∑
f
ζ (X, f ) =
∑
f
2
1
2 (a(f )− a(f )
2
b(f ) )2(
n
2 ) ≤ 2n log n20.5(n2− n
1.9
n0.6
) ≤ 2 12 (n2−(1+o(1))n1.2). 
Proof of Lemma 10. Fix an idempotent mapping f : X → X with a(f ) > 1. We estimate the number of graphs G = (X, E)
with f ∈ End(G). Observe that {u, v} ∈ E implies {x, y} ∈ E whenever x, y ∈ Im(f ) with x 6= y and u ∈ f −1(x), v ∈ f −1(y).
On the other hand {u, v} 6∈ E if there exists x ∈ Im(f ) with u, v ∈ f −1(x). Hence the number of pairwise distinct graphs G
on X such that f ∈ End(G) is at most∏
{(2axay−1 + 1) | x, y ∈ St(f ), x 6= y}
∏
{(2ax−1 + 1)n−a(f ) | x ∈ St(f )}2
(
n−a(f )
2
)
. (4)
Since
∑
i∈I a
2
i ≥
(∑
i∈I ai
)2
|I| and 2
axay−1 + 1 ≤ 9162axay if ax, ay ≥ 2 we deduce that∏
{(2axay−1 + 1) | x, y ∈ St(f ), x 6= y} ≤
∏{ 9
16
2axay | x, y ∈ St(f ), x 6= y
}
≤
(
9
16
)( b(f )
2
)
2
1
2
(
a(f )2− a(f )2b(f )
)
. (5)
Further observe that if b and c are integers with 1 < c ≤ b then
(2c−1 + 1)(2b−1 + 1) = 2b+c−2 + 2b−1 + 2c−1 + 1
≤ 2b+c−2 + 22b−1 + 1 = 2b+c−2 + 2b + 1 ≤ 2b+c−1 + 1
because 2b ≤ 2b+c−2. Hence by an easy induction we obtain that∏
{(2ax−1 + 1)n−a(f ) | x ∈ St(f )} ≤ (2a(f )−1 + 1)n−a(f ). (6)
Combining (4)–(6) and(n
2
)
=
( a
2
)
+ a(n− a)+
(
n− a
2
)
we obtain that the number of graphs G on the set X with f ∈ End(G) is at most(
9
16
)( b(f )
2
)
2
1
2 (a(f )
2− a(f )2b(f ) )(2a(f )−1 + 1)n−a(f )2
(
n−a(f )
2
)
=
(
9
16
)( b(f )
2
)
2
1
2 (a(f )− a(f )
2
b(f ) )
(
2a(f )−1 + 1
2a(f )
)n−a(f )
2(
n
2 ). 
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4. Proof of Theorem 3
To prove Theorem 3 consider a class RZ of right-zero monoids. Let X be a set with a distinguished point e ∈ X and let ·
be a binary operation such that
x · y =
{
y if y 6= e
x if y = e
for x, y ∈ X . Then X with the operation · and the element e is a monoid such that e is the unity element. This monoid is called
a right-zero monoid. We prove that, for every finitemonoidM ∈ RZ, the number of pairwise distinct graphs on an n-element
set such that its endomorphismmonoid is isomorphic toM is at least 2
1
2 (n
2−(1−o(1))3n). Theorem 3 follows because for every
natural numberm there exists a right-zero monoid of sizem. The proof of this fact is based on the following generalization
of Theorem 1 which we prove after the proof of Theorem 3.
Fact 11. For every integer k ≥ 2, the number of pairwise distinct rigid graphs G = (Y , E) on an n-element set Y such that
(1) for every k-element set Z ⊆ Y we have
0.9n
2k
≤ |{y ∈ Y | ∀z ∈ Z, {y, z} ∈ E}| ≤ 1.1n
2k
;
(2) for every (k+ 1)-element Z ⊆ Y we have
0.9n
2k+1
≤ |{y ∈ Y | ∀z ∈ Z, {y, z} ∈ E}| ≤ 1.1n
2k+1
,
is (1+ o(1))2( n2 ).
Proof of Theorem 3. LetM ∈ RZ be a right-zero monoid of size k > 2. Setm = n− 1, form > k, let G = (Y , E) be a rigid
graph on anm-element set Y such that
(1) for every k-element set Z ⊆ Y we have
0.9m
2k
≤ |{y ∈ Y | ∀z ∈ Z, {y, z} ∈ E}| ≤ 1.1m
2k
;
(2) for every (k+ 1)-element set Z ⊆ Y we have
0.9m
2k+1
≤ |{y ∈ Y | ∀z ∈ Z, {y, z} ∈ E}| ≤ 1.1m
2k+1
.
Choose a vertex u 6∈ Y and a k-element set Z = {z1, z2, . . . , zk} ⊆ Y . Let NZ be a neighbourhood of Z , i.e. NZ = {y ∈ Y |
∀z ∈ Z, {z, y} ∈ E}. Let H = (X, F) be a graph such that X = Y ∪ {u} and F = E ∪ {{y, u} | y ∈ NZ }. We prove that End(H)
is isomorphic toM. For every i = 1, 2, . . . , k let fi : X → X be a mapping such that fi(y) = y for all y ∈ Y and f (u) = zi. It is
a routine to verify that fi is an endomorphism of H for all i = 1, 2, . . . , k.
Conversely, let f be an endomorphism of H . Then fi ◦ f is an endomorphism of H with Im(fi ◦ f ) ⊆ Im(fi) ⊆ Y . Hence
the domain-range restriction gi of fi ◦ f to Y is an endomorphism of G. By the assumption on G, gi is the identity mapping for
all i = 1, 2, . . . , k. Since for every y ∈ Y there exists i = 1, 2, . . . , k with y 6= zi, then f −1i (y) = {y}, and we conclude that
f (y) = fi ◦ f (y) = gi(y) = y for all y ∈ Y . Now show that f (u) ∈ Z ∪ {u}. Indeed, if f (u) = y 6∈ Z ∪ {u} then {y, x} ∈ E for all
x ∈ NZ and this contradicts the assumption on G because
|NZ | ≥ 0.9n2k >
1.1n
2k+1
≥ |{x ∈ X | ∀z ∈ Z ∪ {y}, {x, z} ∈ E}|.
Summarizing these facts we infer that End(H) = {fi | i = 1, 2, . . . , k} ∪ {ι} where ι is the identity mapping of X . Since
fi ◦ fj = fj for all i, j = 1, 2, . . . , kwe conclude that End(H) is isomorphic toM. Let us denote |X | = n and apply Fact 11 then
the number of pairwise distinct graphs on X such that its endomorphism monoid is isomorphic toM is at least
(1+ o(1))2
(
n−1
2
)
= 2 12 (n2−(1+o(1))3n).
The proof of Theorem 3 is complete. 
The proof of Fact 11 exploits the following Chernoff bound.
Lemma 12 ([5]). For all positive integers m and k and for reals p and q with p+ q = 1 and for positive reals ε < 32 we have∑(m
t
)
ptqm−t ≤ 2e− ε23 mp
where the sum is taken over all integers t such that |t −mp| ≥ εmp. 
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Proof of Fact 11. Consider a random graph G ∈ Gn, 12 with n vertices where the edges are chosen independently each with
the probability 12 . Fix a k-element set Z ⊆ [n]. The expected size of its joint neighbourhood NGn, 12 (Z) is
n−k
2k
. Thus (using
Chernoff inequality withm = n− k and p = 1
2k
) the probability that∣∣∣∣NGn, 12 (Z)− n− k2k
∣∣∣∣ ≥ 120 n− k2k (7)
holds is bounded above by 2e−
1
1200
n−k
2k . Let Bk be the event that there exists a k-element set Z so that (7) holds. Then the
probability
P(Bk) ≤ 2
(n
k
)
e−
1
1200
n−k
2k = o(1).
Let Bk+1 be the event regarding (k + 1)-element sets defined analogously. Then the probability P(Bk ∨ Bk+1) = o(1).
Consequently, all but o(2(
n
2 )) graphs G ∈ Gn, 12 satisfy∣∣∣∣NGn, 12 (Z)− n− j2j
∣∣∣∣ ≤ 120 n− j2j (8)
for all Z ∈
(
n
j
)
and j = k or j = k+ 1. Since (8) implies∣∣∣∣NGn, 12 (Z)− n2j
∣∣∣∣ ≤ 110 n2j
for sufficiently large n, and since, by Fact 5, almost all graphs are rigid, Fact 11 follows. 
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